We present a conjectural formula for the principal minors and the characteristic polynomial of Gross's regulator matrix associated to a totally odd character of a totally real field. The formula is given in terms of the Eisenstein cocycle, which was defined and studied earlier by the authors and collaborators. For the determinant of the regulator matrix, our conjecture follows from recent work of Kakde, Ventullo and the first author. For the diagonal entries, our conjecture overlaps with the conjectural formula presented in our prior work. The intermediate cases are new and provide a refinement of the Gross-Stark conjecture.
be a totally odd character. We fix once and for all a prime number p and embeddings Q ⊂ C and Q ⊂ C p , so χ may be viewed as taking values in C or C p . Let H denote the fixed field of the kernel of χ, and let G = Gal(H/F ). As usual we view χ also as a multiplicative map on the semigroup of integral fractional ideals of F by defining χ(q) = χ(Frob q ) if q is unramified in H and χ(q) = 0 if q is ramified in H.
The field H is a finite, cyclic, CM extension of F . Let S p denote the set of primes of F lying above p. We partition S p as R ∪ R 0 ∪ R 1 , where R denotes the primes split in H (i.e. χ(p) = 1), R 0 denotes the primes ramified in H (i.e. χ(p) = 0), and R 1 denotes the remaining primes above p.
Let S = S ram ∪ S p denote the union of S p with the set of finite places of F that are ramified in H. The Artin L-function L S (χ, s) = has an analytic continuation to the entire complex plane. If we simply write L(χ, s) for
It is known that L(χ, 0) = 0. We therefore find ord s=0 L S (χ, s) = r χ , where r χ = #R,
and furthermore
L (rχ)
S (χ, 0) r χ !L(χ, 0) = R(χ)
(1 − χ(p)), where R(χ) = p∈R log Np.
In this paper we refine Gross's conjectural p-adic analogs of (1) and (2), which we now recall. 
The existence of this function was proved independently by Deligne-Ribet [9] and CassouNoguès [1] in the 1970s, and new approaches have been considered recently in [2] , [3] , and [12] . Gross proposed the following conjecture regarding the leading term of L p (χω, s) at s = 0.
Conjecture 1.1 (Gross) . We have
1.
ord s=0 L p (χω, s) ≥ r χ .
L (rχ)
p (χ, 0) r χ !L(χ, 0) = R p (χ)
where R p (χ) is a certain regulator of p-units of H defined below.
3. R p (χ) = 0, so in view of (1) and (2) we have ord s=0 L p (χω, s) = r χ .
It can be shown that for p = 2, part (1) of Gross's conjecture follows from Wiles' proof of the Main Conjecture of Iwasawa theory. However, a more direct analytic proof that holds even for p = 2 was given recently in [2] and [12] (note that both of these latter papers use the general cohomological results of [11] ).
Part (2) has been proven recently by the first author in joint work with M. Kakde and K. Ventullo [6] (the case r χ = 1 had been settled earlier in [5] and [13] ).
The goal of this paper is to study and refine Gross's p-adic regulator R p (χ), which we now define. For each prime p ∈ S p , consider the group of p-units U p := {u ∈ H * : ord P (u) = 0 for all P ∤ p}.
Write U p,χ := (U p ⊗ Q)
= {u ∈ U p ⊗ Q : σ(u) = u ⊗ χ −1 (σ) for all σ ∈ G}.
The Galois equivariant form of Dirichlet's unit theorem implies that dim Q U p,χ = 1 if p ∈ R, 0 otherwise.
For p ∈ R, we let u p,χ denote any generator (i.e. non-zero element) of U p,χ . Consider the continuous homomorphisms
Suppose we choose for each p ∈ R, a prime P p of H lying above p. Then for p, q ∈ R, via
we can evaluate o q and ℓ q on elements of U p , and extend by linearity to maps o q , ℓ q : U p,χ −→ C p .
which is clearly independent of the choice of u p,χ ∈ U p,χ . Gross's regulator is the determinant of the r χ × r χ matrix whose entries are given by these values:
The functions o q and ℓ q evaluated on U p,χ depend on the choice of prime P q above q used to embed U p into F * q . If P q is replaced by P σ q for σ ∈ Gal(H/F ), then these functions are scaled by χ(σ). Accordingly, this change scales the qth row of M p (χ) by χ(σ) −1 and the qth column by χ(σ). In particular, the diagonal entries L alg (χ) p,p are independent of choices, as is the regulator R p (χ) and the characteristic polynomial of M p (χ). More generally, for any subset J ⊂ R, the principal minor of M p (χ) corresponding to J defined by
is independent of choices. Note that the characteristic polynomial of a matrix can by expressed simply in terms of the principal minors by
where r = r χ = #R. In this paper we present a conjectural formula for the individual R p (χ) J as well as for the characteristic polynomial of M p (χ) in terms of purely analytic data depending on F (i.e. not depending on knowledge of the algebraic group of p-units in the extension H).
Our conjectural formula is given in terms of the Eisenstein cocycle, which was defined and studied in [2] , [3] , and [12] . For the purposes of this paper, we describe a simplified version of the cocycle, which is a certain group cohomology class
Here E * R denotes the rank n + r − 1 group of totally positive R-units in F ,
and K is a finite extension of Q p containing the values of the character χ. The group Meas(F R , K) denotes the K-vector space of K-valued measures on F R (i.e. p-adically bounded linear forms C c (F R , K) −→ K where C c (F R , K) is the K-vector space of compactly supported continuous functions from F R to K). The space C c (F R , K) is endowed with an F * R -action by
which induces an action of E * R via the diagonal embedding E * R ⊂ F * R . This in turn induces an action of E * R on the dual C c (F R , K) ∨ and its subspace Meas(F R , K). There are several constructions of the Eisenstein cocycle; in this paper we describe what is perhaps the simplest, in terms of Shintani cones. In fact, to define the Eisenstein cocycle one must introduce a certain auxiliary prime λ of F and use it to employ a smoothing operation. For simplicity in this introduction, we suppress the prime λ from the notation.
Let J ⊂ R be a subset. In §3 we describe how to define two r-cocycles
The subscripts ℓ and o refer to the homomorphisms ℓ p and o p in (3) used to define the cocycles for the primes p ∈ J. Let
be a generator. We define a constant
The denominator of (5) is non-zero because it can be shown to equal L(χ, 0) p∈R 0 (1 − χ(p)) up to sign. We propose:
More generally for t ∈ K we define a class c to+ℓ ∈ H r (E * R , C c (F R , K)) and propose
Conjecture 1.3 follows from Conjecture 1.2 but is slightly weaker (see section §3). The following results provide the main theoretical justification for our conjecture.
.
Hence Conjecture 1.2 for J = R is equivalent to part (2) of Conjecture 1.1, whence it holds by [6] . We also consider the other extremal case #J = 1. The following result is proved for n = 2, but we suspect that it can be shown in general. 
The Eisenstein Cocycle
To define the Eisenstein cocycle, we first fix an ordering of the real places of F , yielding an embedding F ⊂ R n . The group (R * ) n , and hence F * ⊂ (R * ) n , acts on R n by componentwise multiplication. Given linearly independent vectors x 1 , . . . , x m ∈ (R >0 ) n , we define the simplicial cone
The vector Q = (1, 0, 0, . . . , 0) has the property that its ray (i.e. its set of R >0 multiples) is preserved by the action of (R >0 ) n . We define C * (x 1 , . . . , x n ) to be the union of C(x 1 , . . . , x n ) with the boundary faces that are brought into the interior of the cone by a small perturbation by Q, i.e. the set whose characteristic function is defined by
Let O F,R denote the ring of R-integers of F . For any fractional ideal b ⊂ F relatively prime to S, we let
Here χ((ξ)) denotes χ evaluated on the image of the principal ideal (ξ) under the Artin reciprocity map for the extension H/F . The set b R ∩ U can be written as the disjoint union of translates of fractional ideals of F , which are lattices in R n . Shintani proved that the L-function defined in (7) has a meromorphic continuation to C, and that its values at nonpositive integers lie in the cyclotomic field k generated by the values of χ. Furthermore, for χ, C, b, and s fixed, it is clear that the values L(C, χ, b, U, s) form a distribution on F R in the sense that for disjoint compact opens
The space of k-valued distributions on F R , denoted Dist(F R , k), has an action of F * R given by (x · µ)(U) = µ(x −1 U). As in the introduction let E * R denote the group of totally positive units in O R which we view as a subgroup of (R >0 ) n . The following proposition follows directly from [3, Theorem 1.6].
Proposition 2.1. Let x 1 , . . . , x n ∈ E * R and let x denote the n × n matrix whose columns are the images of the
In order to achieve integral distributions, we introduce a smoothing operation using an auxiliary prime ideal λ of F . We assume that λ is cyclic in the sense that O F /λ ∼ = Z/ℓZ for a prime number ℓ ∈ Z, and we assume that ℓ ≥ n + 2. We also assume that no primes in S have residue characteristic equal to ℓ (in particular ℓ = p). We then define the smoothed Shintani L-function
Using "Cassou-Noguès' trick", it is shown in [3] (see also [7] ) that if the generators of the cones comprising C can be chosen to be units at the primes above ℓ, then
Let P be the prime of k above p corresponding to k ⊂ Q ⊂ C p , where the second embedding is the one fixed at the outset of the paper, and let K = k P . Since µ χ,b,λ is integral, it is in particular P-adically bounded with values in O K and can therefore be viewed as a K-valued measure on F R , i.e. as having values in
We define
and the Eisenstein cocycle associated to χ and λ by
Here {b 1 , . . . , b h } is a set of integral ideals representing the narrow class group of O F,R (i.e. the group of fractional ideals of O F,R modulo the group of fractional principal ideals generated by totally positive elements of F ). We conclude this section by recalling a cap product pairing that can be applied to the Eisenstein cocycle κ χ,λ . There is a canonical integration pairing
where the limit is taken over uniformly finer covers V of the support of f by open compacts V , and t V ∈ V is any element. More generally if A is a locally profinite K-algebra (i.e. an Iwasawa algebra) we have an F R -equivariant integration pairing
(see e.g. [7, §2] ) where the F *
For each non-negative integer m, the pairing (11) induces a cap-product pairing
3 Conjecture
Statement
We recall the following definition from [11, 7] . Let p ∈ R, let g :
extends continuously to F p hence can be viewed as a function
In particular if we choose f so that f (0) = 1, e.g. f = 1 Op then
depends only on g. Note that the expression (1 − a)(g · f ) has no literal meaning since the function g does not necessarily extend to a continuous function on F p (and for this reason, the cocycle z g is not necessarily a coboundary); nevertheless this expression provides the intuition for the definition of z g given by the right side of (13). The construction above in particular applies to the homomorphisms o p , ℓ p from (3) and we thus obtain classes c op ,
Recall that r = r χ = #R and that E * R denotes the rank n + r − 1 group of totally positive R-units in F . As in (4), let ϑ ∈ H n+r−1 (E * R , Z) ∼ = Z be a generator (this is well-defined up to sign). Cap-product with the Eisenstein cocycle yields a class
Label the elements of R by p 1 , p 2 , . . . , p r and let J ⊂ R. Define classes
where
Here the cup-product is induced by the canonical map
that sends a tensor f 1 ⊗ . . . ⊗ f r to the function
Define a constant
Here the first cap-product of the numerator and denominator is the pairing (12) for m = r and A = K. We will show in Proposition 3.4 below that the denominator of (14) is non-zero and in Proposition 3.5 that the constant R p (χ) J,an is independent of the auxiliary prime λ. We propose:
and propose
Conjecture 3.2. The characteristic polynomial of Gross' regulator matrix is given by
Conjecture 3.2 follows from Conjecture 3.1 since we have
Remark 3.3. Instead of considering only the homomorphisms ℓ p in the definition of in Gross' regulator matrix and in the nominator of (14) one may consider arbitrary continuous homomorphisms ψ 1 : F * p 1 → E, . . . , ψ r : F * pr → K. So we conjecture that more generally we have
where c ψp,p∈R = c ψ 1 ∪ · · · ∪ c ψr .
Well-formedness of the conjecture
The following proposition shows that the denominator of (14) is non-zero. The result was essentially proved in [7] , but we explain here how to relate our present notation to the setting of loc. cit.
Proposition 3.4. With the correct choice of sign for ϑ we have
Proof. Let I R be the group of fractional ideals of F generated by the elements of R and let H R ⊆ I R be the subgroup of principal fractional ideals that have a totally positive generator. Let c 1 , . . . , c m be a system of representatives for I R /H R . Recall from (9) that {b 1 , . . . , b h } denotes a set of integral ideals representing the narrow class group of O F,R . Note that {b i c j | i = 1, . . . , h, j = 1, . . . , m} is a system of representatives for the narrow class group of F . Let E * be the group of totally positive units of O F . Let D denote a signed Shintani domain for the action of E * on (R >0 ) n . This is a finite formal linear combination of simplicial cones (as in (6))
where (c
R is an E * -stable subset of F R we see that by restricting the cocycle µ χ,b i ,λ to E * and keeping U = (c
for x 1 , . . . , x n ∈ E * we obtain a homogeneous (n − 1)-cocycle yielding a class
For the correct choice of the generator ϑ 0 of
Indeed by [3, Theorem 1.5] the left hand side is equal to the left hand side of (15) for s = 0 and a specific signed Shintani domain D = a ν C ν . This formula can also be interpreted as follows. Let Z[I R ] be the group ring of I R .
Consider the E * R -equivariant isomorphism (Ind
corresponding by Frobenius reciprocity to the E * -equivariant map
The assignment c → 1 c R extends to a homomorphism
Composing (17) and (18) we obtain an E * R -equivariant map (Ind
By Shapiro's Lemma the homomorphism (19) induces a homomorphism
Tracing through the definitions, formula (16) is equivalent to
On the other hand by [7, Lemma 3.5] we can choose ϑ so that ϑ = c o ∩ ϑ. It follows that
as desired. Proof. To see this it is useful to work within the adelic framework (compare e.g. [7] or [8] ). Before delving into the details, let us summarize the basic idea of the proof. Let λ ′ be another auxiliary cyclic prime ideal lying above a prime number ℓ ′ ≥ n + 2 with ℓ = ℓ ′ , S ℓ ′ ∩ S = ∅. Replacing F R with certain adelic spaces, we will describe the construction of classes κ λ ,κ λ ′ , andκ λ,λ ′ lying in cohomology groups endowed with an action of the group I S of fractional ideals of F that are relatively prime to S. It will follow directly from the definitions that
Under cap product with the classes appearing in the numerator and denominator of the definition of R p (χ) J,an , the action of λ −1 is given by multiplication by χ(λ). Therefore, replacing κ λ by the left side of (20) scales the numerator and denominator of R p (χ) J,an each by the constant 1 − ℓ ′ χ(λ ′ ), and leaves the ratio unchanged. The desired result then follows from (20). Let us now carry out the details of this construction.
Let A f be the ring of finite adeles of F . For a finite set of finite places Σ of F we put
be the fractional O F,S -ideal attached to the idele a S . For linearly independent elements x 1 , . . . , x n ∈ F * + ⊂ (R >0 ) n and a compact open set U ⊂ F R × F * S−R , the Shintani zeta function ζ(x 1 , . . . , x n ; U, a, s) = ξ∈C * (x 1 ,...,xn) ξ∈a∩U
has a meromorphic continuation to C and its values at non-positive integers are rational.
As any compact open subset of
can be written as a disjoint union of sets of the form U × a S U S considered above, the assignment U × a S U S −→ sgn(x)ζ(x 1 , . . . , x n ; U, a, 0)
is a homogeneous (n − 1)-cocycle for the group F * + of totally positive elements of F . As before, "smoothing" with respect to the auxiliary prime λ yields an integral valued distribution. For that let S ℓ denote the set of primes of F lying above ℓ and let (F ℓ + ) * ⊂ F * + be the subgroup of elements with valuation 0 at every prime in S ℓ . Given a compact open subset
we define two associated compact open subsets
where ̟ λ is a prime element of O λ . For
Note that there exists a canonical isomorphism of F * + -modules
and hence, by Shapiro's Lemma, an isomorphism
A Z-valued distribution is of course p-adically bounded and hence yields a measure. Therefore by (21) the cohomology class of the cocycle µ λ defines an element
The canonical action of the finite ideles A *
In particular we obtain an action of the group I S of fractional ideals of F that are relatively prime to S on
. Now let λ ′ be another auxiliary cyclic prime ideal as above. One can carry out the above construction of the smoothed cocycle µ λ not only for the single primes λ, λ ′ , but more generally for a finite set of such primes (see [7] ). One can easily see that the image of κ λ,λ ′ under the canonical map
is equal to the image of left and right hand side of (20). By class field theory we can view our character χ as a character of the idele class group
By assumption the local components χ p : F * p −→ K * of χ are trivial for all p ∈ R, so we may omit them, i.e. we view χ as a character
The character χ R can thus be viewed as an element
Let F denote a finite subset of (A R f ) * /U R that is a fundamental domain for the action of F * + /E * R . For example, we may choose
, which under cap product with ϑ yields an element
The isomorphism in (24) follows from Shapiro's Lemma. We denote the image of 1 F ∩ ϑ under this isomorphism by ϑ R . By taking the cap product with (23) we obtain a class
The first cap-product in (25) is induced by the canonical pairing
By taking the cap-product of the homology class (25) with c ℓ,
Similar to (12) we have a canonical pairing
induced by p-adic integration. Tracing through the definitions, one sees that
for c = c ℓ,J or c = c 0 and in particular
Note that the pairing (26) is I S -equivariant. It follows that for a ∈ I S and any class c ∈ H r (F *
Consequently, the fraction on the right hand side of (28) does not change if we replace κ λ
Hence by (20) the constant R p (χ) J,an does not depend on the choice of the auxiliary prime λ.
Alternate formulation
We give now a slightly different description of R p (χ) J,an that will be used in section 4.2. In the following J denotes a fixed non-empty subset of R. We set s = #J and label the elements of J by p 1 , p 2 , . . . , p s . Let E * J be the group of totally positive J-units in F . Given a fractional ideal b of F with (b, S) = 1, a compact open subset U of F J and a union of simplicial cones C in (R >0 ) n , we consider the Shintani zeta function
where α ranges over elements of b
, α ∈ U, and α ∈ C. Using the auxiliary prime λ ⊂ O F satisfying the conditions stated in §2, we define
Let f be the conductor of the extension H/F . By E(f) (respectively E(f) J ) we denote the group of totally positive units (respectively totally positive J-units) congruent to 1 (mod f).
Then ν J b,λ is again a homogeneous (n − 1)-cocycle on E(f) J with values in the space of Z-distribution on F J , hence defines a class
Let G f denote the narrow ray class group of F of conductor f. We also consider the following variant of the Eisenstein cocycle (9)
where the sum ranges over a system of representatives of G f . We also define the following classes in H r (F o . To prove (37) we introduce maps
that have as local components at the places p ∈ J ′ the maps [7, Remark 3.2] and that are the identity at all other places. More precisely we have canonical isomorphisms
and canonical monomorphisms
and we define δ J and δ as the composite of
with (38) and (39) respectively. Dualizing δ yields
By tracing through the definitions one sees that κ J λ is the image of κ R λ under the induced homomorphism
On the other hand by [7, Lemma 3.5 ] the following equation holds in the homology group
We conclude
Having established (37) it remains to show that numerator and denominator of the right hand side of (34) are equal to the right hand side of (35) and (36) respectively. Let f = q∤∞ q nq be the prime decomposition of f and put
Here as usual we have set
J∪Sram /U J∪Sram then we have 4 Evidence
The full Gross regulator
The following result implies that Conjecture 3.1 for J = R is equivalent to part (2) of Conjecture 1.1. Hence by [6] , Conjecture 3.1 holds unconditionally in this case.
Theorem 4.1. For J = R, we have
and hence Conjecture 3.1 holds for J = R.
Before proving Theorem 4.1, we must first relate the Eisenstein cocycle to the p-adic L-function of χ. For this, we first need to extend the definition of µ χ,b,λ so that it involves all primes of F above p. 
Let F ∞ /F be the cyclotomic Z p -extension of F , and let
The action of Γ on p-power roots of unity allows us to view Γ as a subgroup of 1 + 2pZ p . For γ ∈ Γ we denote by ι(γ) the corresponding element in Λ. We view the reciprocity map of class field theory for the extension F ∞ /F as a map rec :
where I p = I Sp denotes the group of fractional ideals of F that are relatively prime to p. The restriction of (45) to I p will be denoted by
and to F *
We can view ι • rec F∞/F,p as an element
Let F denote a compact open subset of F * R × O * R ′ that is stable under the group of totally positive units of F and such that F * R × O * R ′ is the disjoint union of the cosets xF where x runs through a system of representatives of E * R /E * . As before let ϑ 0 denote a generator of H n−1 (E * , Z). As in (24), we can consider the element
where the isomorphism is by Shapiro's Lemma since
Taking the cap product of (48) and (49) yields a class
The first cap-product is induced by the pairing
where the subscript ! denotes "extension by zero". Similar to (12) we have a cap-product pairing
To link this element of the Iwasawa algebra to the p-adic L-function L p (χ, s) we recall that there exists a canonical homomorphism
for all γ ∈ Γ and s ∈ Z p . Here C an (Z p , K) is the K-algebra of locally analytic maps f : Z p −→ K.
Proposition 4.2. We have
Proof. This formula is a variant of [7, Prop. 5.6 ] and the proof there carries over. In fact, as we now explain, the present result can be deduced from the statement of loc. cit. It is well known that the p-adic L-function interpolates to an element of Λ, i.e. that there exists a unique element
. We must show that the expression in parenthesis on the left side of (52) is equal to L p,λ (χ), and for this if suffices to show that they agree under application of the dense set of homomorphismsψ : Λ −→ C * p induced by p-power conductor Dirichlet characters ψ : Γ −→ µ p ∞ . (These homomorphisms are "dense" in the sense that the intersection of their kernels in Λ is trivial.) In other words, we must show that
Now if we let K be the fixed field of χψ, set k = 0, and apply the character χψ to the equation in [7, Prop. 5.6 ], then we obtain exactly (53).
Proof of Theorem 4.1. By Prop. 3.4 it suffices to show
In order to study the leading term of (52) at s = 0, we consider the homomorphism of K-algebras
Restricting (55) to F * p for p ∈ R and reducing modulo (X 2 ) yields the homomorphism we see that Ta
and
Together with (60) we conclude (54).
Remark 4.3. We would like to point out that Proposition 3.4 and formula (54) could be deduced directly from [11, Corollary 3.19(b) ] and [11, Corollary 3.22 ]. However we feel that the framework developed in [7, §3] is somewhat superior to that of [11, §4] and think it is worthwhile to present the application to trivial zeros of p-adic L-functions here again in some detail.
The diagonal entries
We now consider the other extremal case #J = 1. If J = {p}, then
In this setting, the first named author [4, Conjecture 3.21] had previously conjectured a formula for the image of u p,χ in F * p ⊗ K. We recall below the definition of this conjectural image, denoted U p,χ . 
Remark 4.5. We expect Theorem 4.4 to be tractable when n > 2 as well, but we leave this as an open problem.
Before proving Theorem 4.4, we recall the definition of U p,χ . We keep the notation of the end of §3. Let D = i a i C i denote a signed Shintani domain for the action of E(f) on (R >0 ) n , so the characteristic function
For each fractional ideal b of F relatively prime to f and p, we will define an element U p (b, λ, D) ∈ F * p and define
where the sum ranges over a set of representatives b for G f . The independence of U p,χ from the choices of the b, D, and λ is somewhat subtle and is discussed in [4, §5] .
We now define U p (b, λ, D). Let e be the order of p in G f , and write p e = (π) where π is totally positive and π ≡ 1 (mod f). and U p,χ as in (61).
We assume now that n = 2. Recall that we have we have fixed an ordering of the real places of F yielding an embedding F ⊂ R 2 . We choose the generator ǫ of E(f) so that it lies in the half plane {(x, y) ∈ R 2 | x < y}. 
